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Why are the cosmological constant, electroweak and Planck scales so different? This “double hierarchy”
problem, where Λ ≪ M2EW ≪ M2p , is one of the most pressing in fundamental physics. We show that in
a theory of N randomly coupled massive gravitons at the electroweak scale, these scales are linked precisely
by such a double hierarchy for large N , with intriguing cosmological consequences. Surprisingly only one
massless graviton emerges which is also the only one that is coupled to matter, giving rise to standard Einstein
gravity, withM2p Gµν = Tµν at largeN . In addition there is a tower of massive gravitons, the lightest of which
can drive late-time acceleration. In this scenario, the observed empirical relation ΛM2p ∼ M4EW as well as the
double hierarchy, arise naturally since Λ ∼M2EW /
√
N andM2p ∼
√
NM2EW .
Introduction: In this Letter, a model is proposed to connect
two main hierarchy problems in theoretical physics, the elec-
troweak and the cosmological constant, by using RandomMa-
trix Theory for the gravitational sector. The Einstein-Hilbert
action naturally emerges with the coupling to matter at Planck
scale, M2p . In addition, a tower of massive graviton with-
out any interaction with visible matter is predicted which can
also be a resolution for the hierarchy problems. This tower
of massive gravitons can describe the dark sector of our uni-
verse with their own cosmological footprints. We emphasize
that our idea could be applied to other fields of physics but
here we focus on the gravitational sector. Now let us review
the status of our understanding of the gravitational interaction
before presenting the main idea.
The Einstein-Hilbert action describes our gravitational sec-
tor very successfully. Theoretically, it predicts a massless
spin-2 particle, graviton, as the mediator of the gravitational
field. Its coupling to matter is extraordinarily weak, given by
the inverse Planck mass squared, 1/M2p . On the other hand,
(observable) matter content of the universe is described by
the standard model of particle physics at electroweak energy
scale, M2EW . The gap between these two energy scales is
huge and is one of the famous hierarchy problems formulated
in theoretical physics. On the other hand, cosmological obser-
vations support a model which is almost dark. Dark matter is
needed for structure formation as well as describing the cos-
mic microwave background and up to now there is no hint for
their direct detections. The nature of dark energy, Λ, which is
responsible for the late time accelerating phase of the universe
is almost unknown. The existence of a non-zero but very tiny
Λ causes a new hierarchy between involved energy scales in
the universe as Λ ≪ M2EW ≪ M2p . It is worth to mention
here that there is a very peculiar empirical relation between
these energy scales, “ΛM2p ∼ M4EW ”, without any theoreti-
cal justification.
On the other hand there is always the question that whether
our universe could be in another form. This question can
be asked if it is possible to describe our own universe with
its current physics starting from a random framework? This
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brings the well-known theory of randommatrix theory (RMT)
to our mind. Wigner introduced random matrices in nuclear
physics [1] but the influential works have been done by Dyson
[2]. The applications of RMT are widespread from quantum
chaos [3] to quantum gravity [4]. This field was also studied
in pure mathematics. For our purpose it is specially useful to
mention two seminal theorems in this field. First, the eigen-
value spectrum of an N ×N random matrix has a maximum
eigenvalue at O(N/2) while the other smaller eigenvalues are
distributed in Wigner’s semi-circle [−√N,√N ] [5]. Second,
the Perron-Frobenius theorem states that for an N × N ma-
trix with positive real components there is a largest eigenvalue
whose corresponding eigenvector has all positive components
and it is not true for any other eigenvectors.
In a promising work, Sachdev and Ye in [6] studied a net-
work of spins where the couplings are chosen from a random
distribution. Kitaev generalized their idea [7], nowadays well-
known as SYK model, which has been shown that has rela-
tions to the black-hole entropy and AdS/CFT correspondence
[8]. In SYKmodel the Hamiltonian forN Majorana fermions,
ψi’s, is written as H =
∑
ijkl γijklψiψjψkψl where the cou-
plings γijkl are taken randomly from a Gaussian distribution.
The final result in SYK model has a 1/N expansion where
the zeroth order term is uniquely determined for largeN limit
independent of the initially randomly chosen γijkl [8].
Inspired by the above idea, in this Letter we will study a
multi-massive-graviton model1, where all the couplings are
taken from a random distribution. It will be shown that the
results are promising: i) we can answer why Einstein-Hilbert
action governs the gravitational force in our universe2, ii) our
model gives a theoretical justification for ΛM2p ∼ M4EW
which makes two independent hierarchy problems one, iii) in
addition we predict a tower of massive gravitons3 between Λ
and M2p which can be interpreted as dark sector due to their
1 It is well-known that gravity cannot be explained by a scalar or a vector
field. This means having N spin-2 particle can be interpreted as the most
general scenario for describing gravitational field.
2 This question has been studied in [9, 10] but by a different viewpoint.
3 This property of our model, i.e. having large number of new degrees of
freedom, is very similar to what has been studied in [11–13] in other con-
texts.
2lack of interaction with visible matter.
The Multi-Graviton Model: The (generalized) quadratic
Lagrangian for N massive spin-2 particles can be written
as perturbations of the metric around the Minkowski4 one,
g
(i)
µν = ηµν + h
(i)
µν , as
S =
∫
dx4
[
M2
N∑
i=1
N∑
j=1
(
Kij h
(i)
µν Eµναβ h(j)αβ
)
(1)
+ M4
N∑
i=1
N∑
j=1
m˜ij V (h
(i)
µν , h
(j)
αβ) +
N∑
i=1
αi h
(i)
µνT
µν
]
where Eµναβ is Lichnerowicz (second order differential) oper-
ator. We also assumed mixing kinetic terms (by non vanishing
off-diagonal terms ofKij) which makes the above Lagrangian
more general than the usual one5. In the above Lagrangian
Kij and m˜ij are O(1) dimensionless coefficients and we em-
phasize that there is just one mass scale, M2, in this action.
The last term shows the coupling between gravity and matter
sectors and we assume all αi’s are O(1) quantities. The form
of mass term is given to be h
(i)
µν − h(j)µν by the fully non-linear
ghost free dRGT massive grvaity [15] though it has been sug-
gested firstly in [16]. At the quadratic level VdRGT reduces
to
V (h(i)µν − h(j)µν ) ∝ (2)(
ηµαηνβ − ηµνηαβ
)
(h(i)µν − h(j)µν )(h(i)αβ − h(j)αβ)
which reduces to Fierz-Pauli mass term if we have one dy-
namical metric. The above property, i.e., the appearance of
h
(i)
µν − h(j)µν in the mass term clarifies that for N independent
metrics we can only have at mostN − 1 independent building
blocks in the mass term. So without any loss of generality we
can write the mass term in matrix notation as
∆hT.M.∆h (3)
where
M ≡


0 0 ... ... 0
0 m11 m12 ... m1,N−1
0 m21
. . .
. . .
...
0
...
. . .
...
0 mN−1,1 ... ... mN−1,N−1


N×N
. (4)
and
∆h ≡


Xµν
h(1)µν−h(2)µν
h(2)µν−h(3)µν
...
h(N−1)µν −h(N)µν


N×1
(5)
4 Our analysis can be easily generalized to a general background metric g¯µν .
5 We only assume that Kij is positive definite. This assumption guarantees
that all the eigenvalues are positive and consequently the kinetic term does
not produce any ghosts.
and we have introduced Xµν which has no contribution in
mass term6. In the matrix language we can also write the ki-
netic term as
h
T.K.h (6)
where
K ≡


K11 K12 ... ... K1N
K21
. . .
. . .
. . .
...
...
. . .
. . .
...
...
. . .
...
KN1 ... ... ... KNN


N×N
. (7)
and
h ≡


h(1)µν
h(2)µν
h(3)µν
...
h(N)µν


N×1
. (8)
Random Kinetic and Mass Matrices: We would like to as-
sume that the components of the kinetic and mass matrices are
random numbers belong to [0, 1]. This means that there is no
priory assumption for these matrices and all of the coefficients
in (1) are at orderO(1), i.e., they are natural7. For the first step
let’s focus on the kinetic term (7) and try to make it diagonal.
Fu¨redi-Komlo`s theorem emphasizes that for anN×N matrix
with random components in [0, 1] there is just one very large
eigenvalue, λ0 ∼ O(N)2 , when the other eigenvalues, λi6=0’s,
are distributed around zero on Wigner semi-circle with radius
O(√N). So for large N ’s we have |λi6=0| ≪ λ0. The key
property of the largest eigenvalue, λ0, is that the components
of its eigenvector are all positive and it is not true for other
λi’s eigenvectors according to Perron-Frobenius theorem. By
diagonalizing the kinetic matrix using the matrix of eigenvec-
tors we get
Lkin = M2
[
N Eµν Eµναβ Eαβ +
√
N g(1)µν Eµναβ g(1)αβ
+
N−1∑
i=2
µi(N)g
(i)
µν Eµναβ g(i)αβ
]
6 Note that here we assumed a a line graph for h
(i)
µν ’s. However it has been
shown that the ghost-free (multi) massive gravity can be realized in a more
general for of a tree graph. But for our purposes there is no difference
between these two choices since we can always change the coordinate to
make a tree graph to a line graph. The price is changing in kinetic matrix
K which will remain a random matrix. So there will be no modification in
our results.
7 Note that it is easy to see that the main results are not changed if one define
natural parameters e.g. in [0.1, 10] instead of [0, 1]. The only difference is
that a factor of∼ 10 should be multiplied to eigenvalues. Note that one can
also change uniform distribution [0, 1] to a Gaussian one and if the mean
and variance be O(1) the results are not modified for large N ’s which is
our goal in this work.
3where µi(N) are decreasing faster than
√
N . In the above La-
grangian Eµν corresponds to the largest eigenvalue and g
(i)
µν ’s
are related to smaller eigenvalues. For future purposes we
picked out g
(1)
µν which corresponds to the second largest eigen-
value, i.e., ∼ √N . As we mentioned previously, the eigen-
vector’s components of the largest eigenvalue are all positive
which means Eµν =
∑N
i=1 aih
(i)
µν where ai > 0.
It is time to use the eigenvector matrix of kinetic matrix to
write mass term by Eµν and g
(i)
µν instead of h
(i)
µν fields. The
first key point here is that since the mass term is an inde-
pendent random matrix, the new mass term will not be af-
fected qualitatively and all its components are expected to be
at O(1). The more important and crucial property for the new
mass term is as follows: as we already mentioned, the mass
term is written as the h
(i)
µν − h(i+1)µν combination [15, 16]. It
is easy to prove that Eµν =
∑N
i=1 aih
(i)
µν cannot be written as∑N−1
i=1 bi(h
(i) − h(i+1)) when ai > 0. On the other hand by
constructionEµν cannot be written as
∑N−1
i=1 cig
(i)
µν due to or-
thonormality of eigenvectors of a matrix. This means we can
write all the h
(i)
µν−h(i+1)µν in terms of g(i)µν ’s. Consequently, one
of the main properties of our model is that Eµν is massless
8.
We can explain this property by thinking that if we could re-
peat, many times, the above procedure to get Eµν then we
expect to have Eµν ∝
∑N−1
i=1 g
(i)
µν i.e. all the g
(i)
µν should have
the same contribution in Eµν since for a randommatrix we do
not expect any difference between g
(i)
µν ’s.
In this new coordinate the coupling to matter i.e.∑N
i=1 αi h
(i)
µνT µν in (1) should be rewritten too. To have
no priority between h
(i)
µν ’s we have assumed all αi’s are at
the same order O(1). Let’s recall that Eµν =
∑N
i=1 aih
(i)
µν
and the ai’s are the components of the eigenvector with the
largest eigenvalue and ai’s are all positive. Note that the
eigenvectors are orthonormal so
∑N
i=1 a
2
i = 1 and for large
N we expect to have all ai’s at the same order O(1/
√
N).
Then it is easily understood that
∑N
i=1 αi h
(i)
µνT µν ∼√
N
(∑N
i=1 aih
(i)
µν
)
T µν =
√
NEµν T
µν which is exact9 for
very largeN .
Emerged gravity model from large-N coupled gravitons:
The final results of the above analysis will be presented by
combining the mass and kinetic terms in the new basis. For
this purpose we do not consider O(1/N) and O(1/
√
N) cor-
rections and later we make comments on them. The La-
8 Note that this result is compatible with previous results in multi-massive
gravity models [17, 18].
9 It is worth to mention for future purposes that the other metrics also can
interact with the matter. But it is easy to see that those coefficients are
decreasing much faster than 1/N . The reason is maybe due to the very non-
trivial contributions of all randomly distributed initial matrix elements in
the procedure of diagonalization. So since all the interaction terms decrease
much faster than 1/N except one (which is Eµν ) then we can consistently
ignore them.
grangian (1) in the new basis can be written as
L = N M2
[
Eµν Eµναβ Eαβ + 1√
N
g(1)µν Eµναβ g(1)αβ
+
N−1∑
i=2
µi(N)
N
g(i)µν Eµναβ g(i)αβ
]
+ N M4
[
1
N
g(1)µν P
µναβ g
(1)
αβ +
1
N
N−1∑
i=2
g(i)µν P
µναβ g
(i)
αβ
+
1
N
N−1∑
i6=j
g(i)µν Q
µναβ g
(j)
αβ
]
+
√
NEµν T
µν
where Pµναβ and Qµναβ are representing mass term and the
mixing between the different gravitons respectively (and they
are given by the background metric ηµν ). By rescaling the
metrics, as g
(i)
µν → h(i)µν/αi(N) where α2i (N) = µi(N)/N
and µ1(N) =
√
N , we can make all the kinetic terms canoni-
cal
L = N M2
[
Eµν Eµναβ Eαβ
+
(
h
(1)
µν Eµναβ h(1)αβ +M2
1√
N
h
(1)
µν P
µναβ
h
(1)
αβ
)
+
N−1∑
i=2
(
h
(i)
µν Eµναβ h(i)αβ +M2
1
µi(N)
h
(i)
µν P
µναβ
h
(i)
αβ
)
+ M2
N−1∑
i6=j
λij h
(i)
µν Q
µναβ
h
(j)
αβ
]
+
√
NEµν T
µν
where 1/λij =
√
µi(N)µj(N). Now the emergedmathemat-
ical properties are:
• There is just one massless graviton Eµν .
• This massless graviton is the one which is coupled to
matter.
• There is an infinite tower of massive gravitons with no
interaction with matter.
• The mass spectrum has a minimum at µ2 = 1√
N
M2 for
the metric labeled h
(1)
µν .
Main Results: The fascinating physics associated with the
above mathematical results can be listed as follow
• The massless graviton Eµν emerges automatically
and represents standard Einstein-Hilbert action exactly.
This metric is the one which is coupled to visible matter.
• The Planckmass is the ratio of the coefficients of kinetic
term and coupling term to matter i.e. M2p ≡
√
N M2.
• The model automatically gives a minimum energy scale
at µ2.
4• A simple algebra shows that µ2M2p =M4 . This is an
amazing result:
Up to now we haven’t said anything about the only
mass scale in our model, i.e. M2, but let’s fix it to
be the electroweak energy scale M2 = M2EW . It is
shown in the literature that a massive graviton (with
small mass) can cause the late time acceleration with
a cosmological constant as Λ ∼ µ2 [17, 19–22]. So the
above relation becomes ΛM2p ∼ M4EW which relates
the electroweak, Planck and cosmological constant en-
ergy scales together. This is an interesting result which
relates two (independent) hierarchy problems between
“M2p andM
2
EW ” and “M
2
p and Λ” to just one problem:
why N is large? This means the physics of the largest
and the smallest energy scales are connected. Note that
these two scales emerge fromM2EW scale naturally. It
is worth to mention that ΛM2p ∼ M4EW is supported
by observations although there was no theoretical justi-
fication for it, previously (up to our knowledge).
• In addition, a tower of massive gravitons arise naturally
between [µ2,M2p ], This can be seen as a resolution for
the hierarchy problem by prediction of new physics be-
tweenM2EW andM
2
p scales.
In addition to the above main results there are some further
implications in our model. They are important and need more
considerations in details for future but it is worth to be listed:
• Since the tower of massive gravitons are not coupled to
matter they can be interpreted as dark components of
the universe i.e. dark matter and dark energy.
• The massive gravitons with masses close to µ2 are the
ones comparable with the inverse Hubble scale. These
massive gravitons cannot be localized and results in
self-accelerating solutions describing the late time ac-
celeration10.
• There are many other massive gravitons in this model
with the masses above µ2 which are larger than the
inverse Hubble scale which can be interpreted as dark
matter particles. It should be mentioned that the mas-
sive spin-2 particles as dark matter are suggested and
studied in [23–26]. In these works under some assump-
tions the stability of dark matter particles has been con-
sidered. It is concluded that massive spin-2 particles
can be a candidate for stable cold dark matter particles.
These spin-2 particles can have very small masses but
they are not relativistic necessarily due to not contribut-
ing in thermal bath. This means they are not constrained
by CMB bounds11.
10 Note that there are many massive gravitons with masses around µ2 but they
may modify the late time cosmological constant just by a factor of 2 or so
when we have a line graph for mass term. It is obvious from the results in
[17] by assumingm23 = 0.
11 The well-known similar scenario is axions, particles that can have mass
Concluding Remarks and Future Perspectives: To recapit-
ulate, it has been shown that from N randomly coupled mas-
sive gravitons, atM2EW energy scale, the Einstein-Hilbert ac-
tion (i.e. just one massless graviton) emerges automatically.
This massless graviton is the only graviton which couples to
matter atM2p energy scale. More interestingly, the empirical
relation ΛM2p ∼ M4EW finds a theoretical justification in our
model. This result amazingly reduces two fundamental hier-
archy problems to just one. On the other hand a tower of mas-
sive gravitons also emerges naturally such thatm2 ∈ [Λ,M2p ]
which can be a solution for hierarchy problem. In addition the
tower of massive gravitons can be responsible for dark sector
of our universe.
We believe that Random Matrix Gravity can be a way to
think about the hierarchy problems and its outstanding results
makes it an interesting model to consider more. One theo-
retical direction of pursuing is embedding this model into the
non-linear multi-graviton models [18, 29–31] which is based
on ghost free massive gravity [15, 32]. For this purpose, [33]
may be useful where the clockwork idea [34, 35] has been
employed for spin-2 particles and its non-linear extension is
also studied12. As it is also stated in [33], there is no radia-
tive instability caused by coupling to matter since there is only
one metric which is coupled to matter. However the loops in
graviton interactions with each others should be studied which
remain for the future works. Another way to think is by look-
ing for a symmetry which is responsible for the absence of any
ghost in massive gravity13. Then we can impose that symme-
try in our commencing Lagrangian (1) to be sure our model is
healthy. On the other hand the phenomenology of a tower of
spin-2 particles can be very rich in cosmology and the physics
of dark matter [23–26] which is also predicted in [33].
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